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3. Please write your answers on the answer booklet provided. 

 
4. Answer should be written in blue or black ink except for sketching, graphic and 

illustration. 
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SECTION A (Total: 40 marks)  

 

INSTRUCTION: Answer ALL questions. 

Please use the answer booklet provided. 

 

 

Question 1 

a) State the four (4) basic components of a robot manipulator.                           (5 marks) 

b) How many Degrees-Of-Freedoms are required to position and orientate a robot end-

effector in world space ?.                                                                          (2 marks)  

c) Define the term “robot’s reach”.                                                                          (2 marks)  

d) Give two (2) examples to demonstrate your understanding for a robot’s reach. 

                                                                                                                                    (4 marks)  

e) State five (5) technical criteria commonly used in selecting a suitable robot for an 

industrial application.                                                                                     (7 marks)  

 

Question 2 

 
a) A point          is attached to a rotating frame. The frame rotates     about the 

X-axis of the reference frame. Find the coordinates of the point relative to the reference 

frame after the rotation.                                                                                       (10 marks) 

 
 

b) A frame represented by the matrix  

           
          

      
      

       
  

      
  

  has been moved 6 units 

along the x-axis and 4 units along the z-axis. Find the representation of the new frame 

after the two movements.                                                                                (10 marks) 
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SECTION B (Total: 60 marks)  

 

INSTRUCTION: Answer THREE (3) questions only. 

Please use the answer booklet provided. 

 
Question 3 

 

a) A 3 D-O-F articulated arm is shown in Figure 1. Determine the overall transformation 

matrix for the end point of the arm and find the home position forward kinematics model. 

                                                                                                                                  (10 marks) 

                                         

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1 : Articulated arm subassembly. 
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b) A spatial three-degree of freedom spraying robot has been designed as shown in Figure 

2. 

i) Find the D-H parameter table for the robot.                                                   ( 5 marks) 

ii) Obtain the final transformation matrices by using the direct kinematic analysis. 

                                                                                                                             ( 5 marks) 

                             

 

Question 4 

a) Define ‘Inverse Kinematics’.                                                                          (1 marks) 

b) Figure 3 shows a cylindrical arm with two prismatic joints and a rotary joint. The 

corresponding arm parameters and the forward kinematics are given in Table 1 and 

2 respectively. Find the inverse kinematic equations of the robot. 

Figure 2 : A 3 D-O-F spraying robot. 
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Figure 3. : Cylindrical Robot (RRP) 

 

 
Table 1 : Arm Parameter Table 

 

Link 
i

  
i

a  
i

  
i

d  

1 
0  0  

0  
1

d  

2 
2

  
2

a  -
90  0  

3 
0  0  

0  
3

d  

 
 

Table 2 : Forward kinematics matrix 
 

3

0H 

























1000

010

0

0

1

222322

222322

d

sacdcs

casdsc

 

(7 marks) 
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c) A spherical wrist with three rotary joints is shown in Figure 4, where the                        

joint axes 3z , 4z  and 5z , intersect at one point. The arm parameters are given in 

Table 3. Compute the Jacobian matrix J .                               

 

 

 
 

 
Figure 4. : Spherical wrist of a robot (RRR) 

 
 
 
 

Table 3 : Arm parameter table 
 

Link 
i

  
i

a  
i

  
i

d  

4 4  0  -
90  0  

5 5  0  
90  0  

6 6  0  
0  6d  

 
 

(12 marks) 
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Question 5 

 

The Figure 5 below shows a relationship between 3 coordinate systems operating in the 

world coordinate frame, WC. In this robotics workcell the Robot Gripper is trying to track the 

Object Part as seen by the Camera.  

 

 

                

 

 

 

a) Draw the “Motion Mapping” for the transformation of the Gripper frame to the Part 

frame. 

(5 marks)  

 

b)       Derive the Del Operator equation matrix for Gripper, the motion of the gripper 

about its own space.  

(15 marks) 

 

 

 

 

 

Gripper 

Part

CamT
Gripper

WCT

Part

GripperT

WC 

Camera 

Figure 5: Coordinate Frame relationship between robot gripper, camera and 
object part operating in the world coordinate space. 
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Question 6 

 

a)  The Lagrangian function, L, of a dynamical system is given as follows: 

 ( ) ( )L K x P x   

 Explain the meaning of the above equation.                                                  (5 marks) 

b) Consider the point masses m1 and m2 at the distal end of links of the following   - r 

robot manipulator with a rotary joint and a prismatic joint as shown in Figure 6 below. 

Derive the differential equations of motion of the    - r manipulator using the 

Lagrangian equation.    

                      

 

                                             Figure 6.   - r robot manipulator 

(15 marks) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

END OF QUESTION 
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APPENDIX  

 
Matrix Functions 
  
Rotation transformation: 

.

100

0cossin

0sincos

)(;

cos0sin

010

sin0cos

)(;

cossin0

sincos0

001

)(















 







































 













 zyx RRR

 
 

The D-H transformation matrix from the frame 
1 1 1i i ix y z  

 to the frame 
i i ix y z  is: 

       1

i

i i i i iH H Tran d Tran a H    

        
0

0 0 0 1

i i i i i i i

i i i i i i i

i i i

C C S S S a C

S C C S C a S

S C d

     

     

 

 
 


 
 
 
 

 

 
The forward kinematics solution for an n-linked robot can be expressed as: 

0
0 0 0 1

0 0 0 1

x x x x

y y y yn

z z z z

n o a P

n o a P
H

n o a P

 
 

        
 
 

n o a P  

 
The inverse of a homogeneous transformation matrix H can be expressed as: 


































 


1000

1000

1

Paaaa

Poooo

Pnnnn

PRR
H

T

zyx

T

zyx

T

zyx

TT

 

 
Trigonometry Functions 

 

 

 

 

 

sin( ) sin cos cos sin

cos( ) cos cos sin sin

cos( ) sin( )

cos( ) sin( )

sin( ) cos( )

sin( ) cos( )

A

B

A

B

A B A B A B

A B A B A B

A B A B

A B A B

A B A B

A B A B









  

 


   




   




  




  


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Equation Solution 
(a) sin a    2tan 2 , 1A a a     

(b) cos b    2tan 2 1 ,A b b     

(c) 
sin

cos

a

b









 

tan2( , )A a b   

(d) cos sin 0a b     

 

(1)

(2) (1)

tan 2 ,

tan 2 ,

A a b

A a b



  



    
 

(e) cos sina b c       

   

(1) 2 2 2

(2) 2 2 2

tan 2 , tan 2 ,

tan 2 , tan 2 ,

A c a b c A a b

A c a b c A a b





   

    

 

(f) 
cos sin

sin cos

a b c

a b d

 

 

 


 
 

 tan2 ,A ad bc ac bd     

(g) 

sin sin

cos sin

cos

a

b

c

 

 







 

 

 

 
 

 

(1)

(1) 2 2

(2) (1)

(2) 2 2

tan 2 ,

tan 2 ,

tan 2 ,

tan 2 ,

A a b

A a b c

A a b

A a b c





  



 



 

     



  

 

 
 
The Atan2 function can be defined as follows: 

 














































0&0
2

0&0
2

0arctan

0arctan

),(2tan

yx

yx

x

x

y

x

x

y

yx

pp
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p
p

p

p
p

p

ppA






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Jacobian Function. 
 

The Del Operator   for small motion about a fixed world coordinate frame can be given as 

follows:- 

 
 

TT
dz

dy

dx

T
xy

xz

yz





























1000

0

0

0







 

 
where, 

 



























1000

0

0

0

dz

dy

dx

xy

xz

yz







 

 
 

The Del Operator for small motion with respect to its own frame T
 can be defined as 

follows: 

 

0

0

0

0 0 0 0

T T T

z y

T T T

T z x

T T T

y x

dx

dy

dz

 

 

 

 
 

  
 
 
 

 

 
where,  

 

ndnddx p

T 
 )(    nxT 

   

ododdy p

T 
 )(    oyT 

   

adaddz p

T 
 )(    axT 

    

 
 
Note: 
d, n, o & a vectors are extracts from the T Matrix 

dp is the translation vector in  

 is the rotational effects in  
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The Jacobian matrix for an n-linked robot with position vector P  at the end of the robot arm 

and joint variables q  where  Tzyx pppP  and [ ]1 2

T

nq q q=q , can be 

defined as follows: 

 

),...,,(

),...,,(

),...,,(

213

212

211

nz

ny

nx

qqqfp

qqqfp

qqqfp







 

 

dt

dq

q

f

dt

dq

q

f

dt

dq

q

f

dt

dp
v n

n

x
x














 12

2

11

1

1   

dt

dq

q

f

dt

dq

q

f

dt

dq

q

f

dt

dp
v n

n

y

y













 22

2

21

1

2   

dt

dq

q

f

dt

dq

q

f

dt

dq

q

f

dt

dp
v n

n

z
z














 32

2

31

1

3   

 
where, 

 

i
i q

dt

dq
  

 
 

1 1 1

1 2

2 2 2

1 2

3 3 3

1 2

0 1 1

1 0(3 ) 2 0(3 ) 0(3 )

n

v
n

n

n

col col n col

f f f

q q q

f f f
J

q q qJ
J

f f f

q q q

R R R



   

   
   
 

   
         
     

 
   

 
 

 

 
where, 

1 1 =  for revolute joint 

1 0 =  for prismatic joint 
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In vector form, the Jacobian matrix can also be defined as follows: 
 
i) For Revolute Joint: 

 

 1 1

1

i n iv

i

Z O OJ
J

J
Z

 



   
   
  
 

 

 
ii) For Prismatic Joint: 

1

0

v i
J Z

J
J


  

    
    

 

 
where, Zi-1’s and Oi-1’s are the frame coordinates for the i-1th robot joint given by: 

• Zi-1 is the 3rd column of the T0
i-1 (=A1*… *Ai-1) 

• Oi-1 is 4th column of the T0
i-1 (=A1*… *Ai-1) 

• On is 4th column Of T0
n (the FKS!) 

• NOTE: when we extract the columns we only need the first 3 rows !!!. 

 
 
Vector Function. 
 
Cross Product of two vectors A and B. The end product is a vector C. 

 

2 3 3 1 1 2

1 2 3

2 3 3 1 1 2

1 2 3

1 2 3 3 2

2 3 1 1 3 2 3 3 2 3 1 1 3 1 2 2 1

3 1 2 2 1

( ) ( ) ( )

i j k
a a a a a a

a a a i j k
b b b b b b

b b b

c a b a b

c a b a b a b a b i a b a b j a b a b k

c a b a b

     

   
   

        
   
     

C A B

 

 
Dot Product of two vectors A and B. The end product is a scalar c. 

 

)( 332211

3

2

1

3

2

1

bababa

b

b

b

a

a

a

BAc 

































  

 

 


